Abstract. We consider a restricted variant of the prefix-suffix duplication operation, called bounded prefix-suffix duplication. It consists in the iterative duplication of a prefix or suffix, whose length is bounded by a constant, of a given word. We give a sufficient condition for the closure under bounded prefix-suffix duplication of a class of languages. Consequently, the class of regular languages is closed under bounded prefix-suffix duplication; furthermore, we propose an algorithm deciding whether a regular language is a finite k-prefix-suffix duplication language. An efficient algorithm solving the membership problem for the k-prefix-suffix duplication of a language is also presented. Finally, we define the k-prefix-suffix duplication distance between two words, extend it to languages and show how it can be computed for regular languages.
Introduction
Treating sets of chromosomes and genomes as languages raises the possibility that the structural information contained in biological sequences can be generalized and investigated by formal language theory methods [13] . Thus, the interpretation of duplication as a formal operation on words has inspired a series of works in the area of formal languages opened by [3, 14] and continued by several other papers, e.g., [10] and the references therein. In [6] one considers duplications that appear at the both ends of the words only, called prefix-suffix duplications, inspired by the case of telomeric DNA. In this context, one investigates the class of languages that can be defined by the iterative application of the prefix-suffix duplication to a word and tries to compare it to other well studied classes of languages. It is shown that the languages of this class have a rather complicated structure even if the initial word is rather simple.
Several problems remained unsolved in the aforementioned paper. This is the mathematical motivation for the work presented here. By considering a weaker Florin Manea's work is supported by the DFG grant 596676. Victor Mitrana's work is partially supported by the Alexander von Humboldt Foundation.
variant of the prefix-suffix duplication, called bounded prefix-suffix duplication, we are able to solve, in this new setting, some of the problems that remained unsolved in [6] . Another motivation is related to the biochemical reality that inspired the definition of this operation. It seems more practical and closer to the biological reality to consider that the factor added by the prefix-suffix duplication cannot be arbitrarily long. One should note that the investigation we pursue here is not aimed to tackle real biological facts and provide solutions for them. In fact, its aim is to provide a better understanding of the structural properties of strings obtained by prefix-suffix duplication as well as specific tools for the manipulation of such strings.
We give a brief description of the contents of this work. We first define a restricted variant of the prefix-suffix duplication called bounded prefix-suffix duplication. It consists in the duplication of a prefix or suffix whose length is bounded by a constant of a given word. We give sufficient conditions for a family of languages to be closed under bounded prefix-suffix duplication. Consequently, we show that every language generated by applying iteratively the bounded prefix-suffix duplication to a word is regular. We also propose an algorithm deciding whether there exists a finite set of words generating a given regular language w.r.t. bounded-prefix-suffix duplication.
We show that the membership problem for the language obtained by applying iteratively k-prefix-suffix duplications from a language recognizable in O(f (n)) time can be solved in O(nk log k + n 2 f (n)) time. In particular, when considering the k-prefix-suffix duplication language generated by a word x, this problem can be solved in O(n log k) time, if |x| ≥ k, and O(nk log k) time in the general case.
We then define the k-prefix-suffix duplication distance between two given words as the minimal number of k-prefix-suffix duplications applied to one of them in order to get the other one and show how it can be efficiently computed. This distance is extended to languages and we propose an algorithm for efficiently computing the k-prefix-suffix duplication distance between two regular languages.
Preliminaries
We assume the reader to be familiar with fundamental concepts of formal language theory and complexity theory which can be found in many textbooks, e.g., [12] and [11] , respectively.
We start by summarizing the notions used throughout this work. An alphabet is a finite and nonempty set of symbols. The cardinality of a finite set A is written |A|. Any finite sequence of symbols from an alphabet V is called a word over V . The set of all words over V is denoted by V * and the empty word is denoted by ε; also V + is the set of non-empty words over V , V k is the set of all words over V of length k, while V ≤k is the set of all words over V of length at most k. Given a word w over an alphabet V , we denote by |w| its length, If w = xyz for some x, y, z ∈ V * , then x, y, z are called prefix, subword, suffix, respectively, of w. For a word w, w [i..j] denotes the subword of w starting at position i and ending at
